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Ïîëíàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà
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Îáîçíà÷åíèÿ
V = (v1, v2, v3); Ω = ( 0; Ω2; Ω3 ) ;
Ω2 = Ω cosψ; Ω3 = Ω sinψ, sinψ > 0;
a = 2Ω3; b = 2Ω2; g = (0, 0,−g), g = const > 0.
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Ìàñøòàáíûå çíà÷åíèÿ

u00 =
√
RγT00 = c00; t00 = r00

u00
; p00 = Rρ00T00; e00 = cv0T00;

γ = 1 + R/cv0, u00 = c00 = 1
3 103, ρ00 = 1.29êã/ì3, T00 = 288 K

Ω =
2π

24 ∗ 3600c
∗ t00, g = g∗

T00

c00
,

µ0 =
4µ∗

3ρ00u00r00
, κ0 =

κ∗
cv0ρ00u00r00

, κ0 =
4

3

γ

Pr
µ0

Äëÿ âîçäóõà γ = 1.4,Pr = 0.72, κ0 ≈ 1.46µ0

Òî÷íîå ðåøåíèå ñèñòåìû (1) â ñëó÷àå g = 0

ρ = 1; T = 1; u = v = w = 0. (2)

ρ = 1 + ρ̃; T = 1 + T̃ ; V = Ṽ.
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Ëèíåàðèçîâàííàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà
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(
T̃xx + T̃yy + T̃zz

)
= 0.

(3)

Áóãàåíêî À. À., Êðóòîâà È. Þ. ( ÑÔÒÈ ÍÈßÓ ÌÈÔÈ )Ëèíåàðèçàöèÿ è ÷èñëåííîå èññëåäîâàíèå ïîëíîé ñèñòåìû óðàâíåíèé Íàâüå-ÑòîêñàÑíåæèíñê 2025 4 / 23



Ðàçíîñòíàÿ àïïðîêñèìàöèÿ ëèíåàðèçîâàííîé ñèñòåìû

óðàâíåíèé Íàâüå-Ñòîêñà
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(5)

f = (ρ, T , u, v , w)

0 ≤ x ≤ x0, 0 ≤ y ≤ y0, 0 ≤ z ≤ z0.
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Ðàçíîñòíàÿ ñõåìà
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Ðàçíîñòíàÿ ñõåìà
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ

ïðîäóâ: 0.1x0.1

Ðèñ.1 Ðàñ÷åòíàÿ îáëàñòü

ρ0 = ρ0(z) = (1− kz)ν−1

T0(z) = 1− kz , k = Lr00
T00

ν =
γg

k
, L = 0.0065

u0 = 0, v0 = 0,w0 = 0,
∆t = 0.001
∆x = ∆y = 0.005

â ÂÇÏ ìàëûõ ìàñøòàáîâ

r00 = 10 ì
∆z = 0.005,w(t) = 0.003(1− e−10t)

â ÂÇÏ ñðåäíèõ ìàñøòàáîâ

r00 = 50 ì
∆z = 0.004,w(t) = 0.003(1− e−10t)

â ÂÇÏ áîëüøèõ ìàñøòàáîâ

r00 = 50000 ì
∆z = 0.002,w(t) = 0.0125(1− e−10t)
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ìàëûõ ìàñøòàáîâ

z = 0.025(0.25ì), r00 = 50 ì, ∆x = ∆y = ∆z = 0.005(0.05ì),

∆t = 0.001(0.00003c), w(t) = 0.003 ∗ (1 − e−10∗t), w : 0 ÷ 1ì/c

Ðèñ.2 t=0.1c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W

Ðèñ.3 t=300c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W
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Ðèñ.4 U a - t=0.5c b - t=1c c - t=5c d - t=300c

Ðèñ.4.1 V a - t=0.5c b - t=1c c - t=5c d - t=300c

Ðèñ.5 Ëèíèè òîêà
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ìàëûõ ìàñøòàáîâ (ñðàâíåíèå) 1

Ðèñ.6 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.1c

Ðèñ.7 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.1c

1Ñ.Ï. Áàóòèí, À.Ã. Îáóõîâ. ×èñëåííîå ìîäåëèðîâàíèå òðåõìåðíûõ
íåñòàöèîíàðíûõ òå÷åíèé ñæèìàåìîãî âÿçêîãî òåïëîïðîâîäíîãî ãàçà. Åêàòåðèíáóðã:
ÓðÃÓÏÑ, 2020.
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ìàëûõ ìàñøòàáîâ (ñðàâíåíèå)

Ðèñ.8 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c

Ðèñ.9 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ñðåäíèõ ìàñøòàáîâ

z = 0.02(1ì), r00 = 50 ì, ∆x = ∆y = 0.005(0.25ì),∆z = 0.004(0.2ì),

∆t = 0.001(0.00015c), w(t) = 0.003 ∗ (1 − e−10∗t), w : 0 ÷ 1ì/c

Ðèñ.10 t=0.5c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W

Ðèñ.11 t=300c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W
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Ðèñ.12 U ïðè t=0.5c Ðèñ.13 U ïðè t=2c Ðèñ.14 U ïðè t=10c Ðèñ.15 U ïðè t=300c

Ðèñ.12.1 V ïðè t=0.5c Ðèñ.13.1 V ïðè t=2c Ðèñ.14.1 V ïðè t=10c Ðèñ.15.1 V ïðè t=300c

Ðèñ.16 Ëèíèè òîêà
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ñðåäíèõ ìàñøòàáîâ (ñðàâíåíèå)

Ðèñ.17 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.5c

Ðèñ.18 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.5c
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ ñðåäíèõ ìàñøòàáîâ (ñðàâíåíèå)

Ðèñ.19 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c

Ðèñ.20 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ áîëüøèõ ìàñøòàáîâ

z = 0.01(500ì), r00 = 50000 ì, ∆x = ∆y = 0.005(250ì), ∆z = 0.002(100ì),

∆t = 0.001(0.15c), w(t) = 0.125 ∗ (1 − e−10∗t), w : 0 ÷ 4.16ì/c

Ðèñ.9 t=0.5c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W

Ðèñ.21 t=300c a - Ïëîòíîñòü b - Òåìïåðàòóðà c - W
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Ðèñ.21 U ïðè t=0.5c Ðèñ.22 U ïðè t=2c Ðèñ.23 U ïðè t=5c Ðèñ.24 U ïðè t=300c

Ðèñ.21.1 V ïðè t=0.5c Ðèñ.22.1 V ïðè t=2c Ðèñ.23.1 V ïðè t=5c Ðèñ.24.1 V ïðè t=300c

Ðèñ.25 Ëèíèè òîêà
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ áîëüøèõ ìàñøòàáîâ (ñðàâíåíèå)

Ðèñ.26 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.5c

Ðèñ.27 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=0.5c
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×èñëåííîå ìîäåëèðîâàíèå òå÷åíèé â ÂÇÏ áîëüøèõ ìàñøòàáîâ (ñðàâíåíèå)

Ðèñ.28 Ëèíåàðèçîâàííàÿ ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c

Ðèñ.29 ÏÑÓÍÑ: ïëîòíîñòü, òåìïåðàòóðà è W ïðè t=300c
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Ñðàâíèòåëüíàÿ òàáëèöà òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê, ïîëó÷åííûõ ïðè

÷èñëåííîì ìîäåëèðîâàíèè òå÷åíèé â ÂÇÏ ðàçëè÷íûõ ìàñøòàáîâ ÏÑÓÍÑ è

ëèíåàðèçîâàííîé ÏÑÓÍÑ
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Ïîëíàÿ êèíåòè÷åñêàÿ ýíåðãèÿ ÂÇÏ

E ≈ 0.5
∑
i

∑
j

∑
k

ρi ,j ,k(u2
i ,j ,k + v2

i ,j ,k + w2
i ,j ,k)∆x∆y∆z

Ðèñ.30 E(r00=10ì) Ðèñ.31 E(r00=50ì) Ðèñ.32 E(r00=50000ì)

Ðàçìåðíîå çíà÷åíèå ïîëíîé êèíåòè÷åñêîé ýíåðãèè (Äæ)

W ∗ = W · ρ00 · v2
00 · r3

00
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Çàêëþ÷åíèå

1 ×èñëåííîå ðåøåíèå ëèíåàðèçîâàííîé ÏÑÓÍÑ îïèñûâàåò ñëîæíûå
òå÷åíèÿ âÿçêîãî ñæèìàåìîãî òåïëîïðîâîäíîãî ãàçà

2 Ñõåìà âîçíèêíîâåíèÿ ÂÇÏ2 ïîëó÷èëà ÷èñëåííîå ïîäòâåðæäåíèå

3 Ïîëó÷åíî êà÷åñòâåííîå è êîëè÷åñòâåííîå ñîãëàñèå â ïîâåäåíèè
ãàçîäèíàìè÷åñêèõ õàðàêòåðèñòèê ëèíåàðèçîâàííîé è ÏÑÓÍÑ

Ñïàñèáî çà âíèìàíèå!

Áóãàåíêî Àííà Àíàòîëüåâíà
BugaenkoAA@vniitf.ru

2Ñ.Ï. Áàóòèí, È.Þ. Êðóòîâà, À.Ã. Îáóõîâ. Ãàçîäèíàìè÷åñêàÿ òåîðèÿ âîñõîäÿùèõ
çàêðó÷åííûõ ïîòîêîâ. Åêàòåðèíáóðã: ÓðÃÓÏÑ, 2020.
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