g

3ababaxuHckue HayuHbie UteHnsa 2023

Vit RICVIAVRL #mJrczrRmeCc Ut RYL L1
I rJc trzrl1RC #RuU[[ 3 11
l1Tr1 R 4 Youvuy 3[R 11 JRY
g.1. 10Edd, [.¢. sOt] dz

HAUR 1 RCU [RAHR) RRAM®MA URU




BBenenue

® XKan-Barucr 2Kozedh Pypoe B 1804 roay Hadaa paboTy 10 ONHCAHHKIO
pacupocTpaHeHus TemnJsa B TBep/oM TeJse. Y dyenblit buo cuuras, 4To 3170 0H
ePBbIM TTPEIJIOKHUI COOTBETCTBYIONIYIO TEOPHIO MO PACIPOCTPAHEHHUIO TEILIA.
@® B 1807 roay zK-B.2K. ®ypbe npeacrasuil JOKJIa] HA 9TY TEMy € OIUCAHHEM

MeTo/1a IIpe/ICTaBJIeHUs PellleHUuid TPUTOHOMEeTPUYeCKUMHU DA IaMu:
o0

/ . 2 . —uok?t .
(1) = —pok?ur(t);  up(t)= ule MoKt
CXO/IUMOCTD yCTaHaBJIMBaeTCs MPOCTO, HeT JPYTI'HX TAPMOHUK, KpOMe

Y4aCTBYIOHNIHMX B Ha4YaJIbHBIX YVCJIOBHAX,

@ Jlarpanx u Jlanaac He MOIVIM CMUPUTBCA ¢ TeM, uTo ®ypbe He UCHOIb30Bal
creneHnble psjabl. I[lyaccon nmpoboBas B 3Toiil 3ajave UCIOJIb30BaTh CTEleHHbIe

PSAIBL.
@ Uepes 70 ner C.B. KoBasieBckas npuBesia KOHTPIPUMeD, KOIJla CTeeHHOIl

P, HBHHIDHJ;HITICH pelrenueM JIMHEHHOTI' O YpaBHEHHHA TEIUIOIIPOBOJAHOCTH, pac-

XOJMUTCA TPHU JIIOOOM £, OTJIMYHOM OT HYJIS.



YyTs 60see 10 set na3aj, To ecth ciycts 200 et nocse Pyphe BrepBbIe
TPUTOHOMETPUICCKHE PSIbI OBIIN TPUMCHCHB! [T POIICHUS HeTMHE -
HBIX YPABHEHUN € YACTHBIMHM TPOM3BOJIHBIMU: TOJYYUCHBI COJEPIKATE b
HBIC OJJTHOMEPHBIC HECTAIIMOHAPHBIC PEIIeHHs, HO JIOKA3aTh CXOJIMMOCTD
He VIAJI0Ch.

bBayrun C.I1., 3ambiciioB B.E., Ckaukos [1.II. MaremaTutaeckoe Momgean-
pOBaHME TPUTOHOMETPUUCCKUMH PSIAMHA OJHOMEPHBIX TeUCHUI BA3KOTO
TEeIIONIPOBO,THOTO ra3a. Hosocubupcek: Hayka, 2014.
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YpaBHeHue broprepca: u; + Uty = LoUszy
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2] Bayrun C.II., Bampiciior B.E. CxoaumocTh 6eCKOHEUHBIX TPUTOHOMET-
pUYCCKUX PsJIOB, permalonmx ypasnenne Bioprepea. Crnexunck: COTU

HUAY MUDU, 2022.



Pemennsi cucreMbl !HﬂBHEHHﬁ ABH/ARCHHUHA

PaccmarpuBaerca nonmnas cucrema ypasuennii Hasne-Crokca, pemenns

KOTOPOI OIMMUCKIBAIOT JIBUZKCHUS CKUMACMON BA3ZKON TCILTONPOBO,THOM
CTLJTONTHOM Cpeibl:

[ p+V -Vp+pdivV =0,

——

[vt L (V.V) V] L(1Vp+pVT) = 1o [EIV(ng) EINYE

p(’n LV VT) + (7 = D)pTdivV = koAT + ®(ju0, V).

13 wee GepyTcs ypaBHEHUS JBHIKCHHUS B IPE/INOJIOKEHUU MTOCTOSHHBIX
3HAYCHUH IJIOTHOCTH W TeMIICPATYPHI:

“

1 3
V,+ (V- V)V = pﬂ[iv (divV) + 1M']_

JaJiee nmpenonaraerc: 0 0
—_— = Y =

0z

U II0JIyHaeTcd CUCTeMa YpaBHEHHI JIBUYKCHH !

r

Ut + Uy + VUy = [ (um + - uyy + Uﬂ:y)

(1)

UVt + UV + 00y = ,ug( Vg + Vyy + uw)

.



s cucrembr (1) craBaTcs HavaJbHBIE YCJIOBUS
f fore)

u(t, z,y)|=o = > [ufsin(kz) + u, sin(ky)] ,
< ! (2)

v(t,z,y)|i=0 = X [vQ,sin(kz) + v}, sin(ky)] ,
! k=1

¢ abCOJIIOTHO CXOJANMNMUMHUCA YUCJTOBBIMHU DAJTaMU

o0 o0 o0 o0

o . 0 O 2 O
E :uk,lv E :uk,27 E :’Uk,u E :Uk,2 3)
k=1 k=1 k=1 k=1

3aaua Komm (1), (2) mMeeT npou3Bo/ B 3aJaHUN HaYaJIbHBIX YCJIOBHI,
HallpuMep, ¢ TAKMMH MPHOBEHHBIMH JIHHHUSAMHU TOKa B MOMeHT t = ():

%l‘“ 77//_/—_\:”; 7/ = = W "\ = )- \T ,‘\“1'\‘: ’ \ N =

N\,

N7

N _' N

) & 4,
~ |
..... NS LA )i

«KTo-TO XOTeNn yBUAeTH TYpOYI€HTHOCTE ! »

é!CHO OCTAaJIOCHh 34 MaJIbIM:

INOCTPOUTHL PEHICHUA C TAKUMU HaYaJIbHBIMHW JTaHHBIMHA.




Pemenne unercd B BH/IE

oo

u(t,z,y) = > [ura(t) sin(kz) + ug2(t) sin(ky)],

k=1
00

(4)

v(t,z,y) = ) [vk1(t)sin(kx) + vio(t) sin(ky)] .

k=1

Psipr (4) MOJACTABISAIOTCS B CUCTEMY (1):

¢ 00 00
kZ uy () sin(kzx) + )7 uy, o(t) sin(my) =
=1

m=1
00

= [Z ug,1(t) sin(kzx) + {2 Um 2(t) sin(my) | -

k=1 m— 1

- | £ v singia) + 3% o )%‘in(my)]'

k m=1

[gjl blga(t) cos(ka:)] _

o0
Z mit,, o(t) cos(my) | +

+ 11 [— S k2up (t) sin(kz) — 5 Z M2y, 5(t) sin(my )] :

k= ml

5 v (&) sin(kz) + 3 vy a(t) sin(my) =

k=1 m=1

LZ] ug1(t) sin(kz) + Zl U 2(t) sin(my)
- [i V.1 (t) sin(kz) + Z 1),,l,2(t)sin(my)] -

k=1 m=1

=
=

- [E:l kv 1(t) cos(kz)| —

o0
> mupya(t) cos(my) | +

 m=1

+po | =3 D ko (t) sin(kz) — Z MV 2(t) sin(my)] :

k=1 m=1



DTH JIBA YPABHCHUSI MIPOCIIMPYIOTCS Ha (DYHKIIMOHATBHBIC OA3WCHI
{sin(z), sin(2z), sin(3x), ...}; {sin(y),sin(2y), sin(3y), ...}:

1 TIOJIYYAIOTCS YeThIPe IPYIIIBI O€CKOHEYHBIX CUCTEeM OOBIKHOBEHHBIX JIU-
depeHIHaATBHBIX YPABHEHUH 118 OECKOHETHOTO YHUCIIa NCKOMBIX KO3 hu-

IIMEHTOB PsIoB (4):
o0 oo

’ 1 _
ya (0) = =5 3 Mty (s (Vi — ol (0): (5) | cmerent
k=1 m=1 pacmeﬂﬂ-
JIUCH,
vy (t) = ——Z Z g1 (£) U1 (8) bk o.m — an? ve1(t); (6)
k=1 m=1 (5) U (8)
o) = — 23S kv — Spiolurat); (7) | S
Up o = —= Um 2(U) Uk 2\0)0¢ m e — — Hot Ug2ll);
2 k=1 m=1 4 ;ﬂ(;OI[Y
1 00 0O CHUS
vl (1) = —= kg o (t)Um o (t)bem. Cu, (1) (8) | TP
r2(t) 5 ZZ Uk 2(t)Vm,2(£)bemi — polvea(t);  (8) Broprepca

I, ectu m = |k — {|;
(=1,2.3,... bpm=1< —1, eccm m=k+¢;
0, B OCTAJIHHBIX CJIyYadgX,



CBolicTBa riccjie1yeMbIX EemeHHﬁ

Teopema. Ecau wucaoswve padv (3) crodamesa abcoarommo, mo mpuzo-
HoMempuueckue padv. (4) abcoaromuo crodamcs 6 Hexkomopoli okpecm-
Hocmu mouku t = 0 u npu 8cer 3HAYEHUAT NEPEMEHHBLT T U V.

,ZLJIH JOKa3aTe/IbCTBa PaCCMAaTPHUBAOTCA ABE€ BCIIOMOI'aTE€/IbHbBIX 3a/Ja9N1.

(U, = —UU, + p1oUyq,

U(t,z)|i=0 = > uy,sin(kx).
\ k=1

(Vo= —VV,— poV;

o0
Vo = > ug sin(kx),

\ JEL:].

C peleHuAMMN:

Ut,z) = Z Ui(t)sin(kx); V(t,x) = Z Vi(t) sin kz.
k=1



TEDI)EMBI O KpaTHBIX YacCTOTaxX

Panee 1j1s1 0JHOMEPHBIX TEUEHUH BA3KOI'O TEIJIOIPOBOJIHOTO rasa Jio-
Ka3aHa TeopeMa O KpaTHBIX 4YacToTax: €CJaH HeHyJeBble HavajlbHble
JIAaHHbIe HMEIOTCH TOJNBLKO y rapMoOHuK ¢ vacroramu ly, {4, ..., {,, TO B
pelIeHuN MOI'YT MNPHCYTCTBOBATHL TAPMOHUKH TOJBKO € 4aCTOTAMH, KPaT-

upivu d = HO(4g, 0y, ..., 0y).

B nanwnoii paﬁnTe:

T.1. up1(0) =0, ecmn €& {ly. 0y, ..., 0.}, dy = HOI (b, 44, ..., 0p)
Lg, = {d1,2d,,3dy,...}; we1(t) =0, ecm & Ly, .

T.2. v1(0) =0, ecm £ & {qo,q1y-, qm}; do= HOﬂ(il,qu,qh s Gm)
La, = {ds,2d,,3d,, ...}; ve1(t) =0, ecan (& Lyg,.

T.3. v2(0) =0, ecin €& {sg,S1,...,Sn, }; dz =HOI(sg,51,..., Sn,)
Ly, = {ds3,2d3,3ds,...}; ves(t) =0, ecoim (& Ly,.

T.4. us(0) =0, ecu £ & {ro,r1,....Tm, }; dy = HOZ(d3, 70,71, -+, Ty )
Lg, = {dy,2dy,3dy,...}; wupa(t) =0, ecom ¢ & Lg,.

CurejioBaTe/ibHO, 9acTOTHl Pa3/eJIeHbl KaK 110 He3aBHCHMBIM I1€PEeMeH-
HBIM, TAK M 110 HAIIPpaBJIEHUAM PACIPOCTPAHEHU .

Ecmn: {o,l1, s ln} = {0, q1s s G} = {5051, s Sny } = {70515 ooy Ty
TO «HEMOIl aKKOPJI» MMeeT MeCTO.
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@ 3Bavuicaos B. E. Crogune BOTHBI KaK PEIMICHAS TOJHONR CHCTEMBI ypaB-
neanii Hasbe—CTokca B ogHOMEpHOM caydae // BuraucaurenbHbIC TEX-
nosioruu. 2013. Tom 18. Ne 2.

@ BLayrun C.II., 3ameicnos B.E., Ckaukos I1.I1. MaTemaTnuaeckoe Moenn-
pOBaHUE TPUTOHOMETPUYCCKUMHU PsIIaAMHU OJHOMEDPHBIX TEUYCHUI BI3KOTO
TEeILTIOTPOBOIHOTO Ta3a. Hopocnbupcek: Hayka, Exarepunbypr: Ypl'VIIC,
2014.

® Kypuaesa K.B., Tutos C. C. CrnenuanabHble PATBl ¢ KPATHBIMHI YacTo-
TaAMHU JIJIS OJHOMEPHBIX TeUYeHUI CIKMMAEMOro ra3a B 0000IIEeHINT TeopeM
B.E. 3amsicioBa // BectHuk YpaabcKoro rocyaapCcTBEHHOTO YHUBEPCH-
teta nyTeil cooomenng. 2016. Ne 3.

Hewoii akkopa: P. Illyman, M. Pasens, K. Tiobecen n aip.

@ Angommna ., Ilpurrte P. My3wikaabnag akyctuka. — CI16.: Kommo3u-

Top, 2006.

HeT ynBoeHus 4acrTor:
@ lannay JI. 1., JIndmun E. M. Teopetnueckas ¢pusuka. Tom VI. T'uapo-

muaavnka. M.: Hayka, 1988.
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PacueT KOHKpeTHOro NpubJIN>KEeHHOTO perleHns
(Bapuant "5-7-9-1")

Yucao cinaraemMbuix B Tpuronomerpudecknx cymmax K = 300,
HayaJIbHbIe JaHHbIe:

u(t,x,y) o = 0.1sin(5x) + 0.1sin(7y)

v(t, x,y) = 0.1sin(9x) + 0.1sin(1ly)
Il sojHjddj SBLWWduydj dzstse Isted e tsd
5ls o tej d3j dzd @ o O L
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[ToBegenne nosepxuoctu u(t, z,y) npu 0 < t < 200
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IloBenenue

noBepxuocT v(t, z,y) npu 0 <t < 200

MosepxHoctb V(x,y) t=1
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IToBeneHne MrHOBeHHBIX JJUHUK ToKa Ipu 0 < t < 200
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Pacuer KOHKPETHOI'O HpHﬁJ'IH)KBHHOPO PeEIICHNA

(BapmanT "3-3-5-5)
Yuco caaraeMbIX B TPUTOHOMETPHUIECKUX CyMMax
HadaJIbHbIC JaHHBIC:

K=300,

u(t,x,y) = 0.1sin(3x) + 0.1sin(3y)
=
v(t, x,y) = 0.1sin(5x) + 0.1sin(5y)
t=0
IloBenenne KO>(HHUIUEHTOB TPUTOHOMETPUIESCKUX CYMM B
3aBHCHMOCTH OT BPEMEHH i 18 o0
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lloBenenne

nmoBepxuocTH u(t, z,y) npu 0 <t < 200

MoeepxHocTs U(x,y) t=1
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[ToBenenue nosepxuoctu v(t, z,y) nupu 0 < ¢t < 200

MoeepxHocTtb V(x,y) t=1
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IToBeneHne MrHOBeHHBIX JJUHUK ToKa Ipu 0 < t < 200
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"[SBhJGB dzO{f tc
odrtcj?2, otOh Oshdjmw o MIsEIsohj jsfipdsjptzf dzdd M
21



Pacuer KOHKPETHOTI'O HPHGJ'IH)KEHHOI‘O PeELICHUA

(BapuaHT "3-5-5-3")

Yucso ciiaraeMblxX B TPHTOHOMETDHYECKHX CYMMaX K = 300,

HayaJIbHbIC JLAHHbIC:
u(t,x,y)|i=o = 0.1sin(3z) + 0.1sin(by),

v(t,z,y)|i=0 = 0.1sin(5z) + 0.1 sin(3y).

HDBE,H,EIIHE KOSE!:EhHLLHEHTOB TPUTOHOMETPHYECCKHX CYMM B 3aBHCHMOCTH
0T BHEMEHH:

22



Oomas KHHFTH'—IF‘CKHH IHEDI'HA MMOTOKA

Erin(t) = f/ (t,z,y) +v* ta:'y]dey—TrEZ[u“ ) 4+ up o (t) + v, (t) + vio(t)]
- =T k=1
K2
ca = S Ul (8) + ug(t) + vy (8) + 0 ()]
k=K141
Eabe | DTY HOIPEIIHOCTD MOKHO TPAKTOBATH KAK OIEHKY «MAalIHHHOM» CXO/H-
MOCTH pelieHus mpu pasubix K1, K2,

HJIH KaK ONEHKY <«MHTerpaJjibHOii» MOTPENIHOCTH MPH cYeTe ¢ pa3sHbIMH
suadenuamu K1, K2.

PesvabraTsl pacueTroB

t K2 Eabs Ekt'n £ = Eabs/Ekm

100 | 700 | 0.078354 | 17.899665 |  0.004377
200 | 700 | 0.334541 | 29.758263 | 0.011241
300 | 700 | 0.072197 | 41.013134 § 0.001760
400 | 700 | 1.014130 | 47.915804 | 0.021164
200 | 700 | 1.505199 | 53.349249§ 0.028214
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[ToBegenne nosepxuoctu u(t, z,y) npu 0 < t < 200
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