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JlaBpeHTLEBA

ITocTaHoBKA 3a/1a4H 0 BCILUILITHMH MY3bIPbKa, C(hOPMYJIMPOBAHHAS
aKkajeMuKoM JIaBpeHTbeBbIM:

«lly3vipvKu 6030yxa 6 600e, 8CNILIBAS, OBUNCYMC NO HEKOMOPOU NePUOOUUEeCKOU
Kpusou. Tpebyemca oOamb KauecmeeHHOE OOBACHEHUe 3Mmo20 SA61eHUs U
nonpob08ams cocuumams aAMnaIumyo0y u nepuoo «KPUoU CHIIbIMUSLY.

«Hayka u yscuznv» Ne7 3a 1965e.



[lapaaokce JleoHapao - cnvpanbHasg TPpaekTopnd
BCHIbIBAIOLLENO MNYy3LIpbKa

LEONARDO
DA VINC]

Loonards
D Pdrece

(April 15, 1452 - May 2, 1519)

“Iron rusts from disuse; stagnant wafter
loses its purity and in cold weather becomes frozen;

even so does inaction sap the vigor of the mind. ™

Leonardo

(Cod. Atl. 315r. b; McCurdy 1938, Vol. 1, p. 532)
“Every impetuous movement bends towards the less resistance as it flies from the greater.”
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FiGure 4. Bubble contour, fitted with terms up to n = 2: (g¢) R = 0.64 mm; (b) R =091 mm.
Bubble contour, fitted with terms up to n = 8: (¢} R = 0.64 mm; (d) R = 0.91 mm.

JKCnepuMeHTarbHO n3MepeHHas hopma nysbipen
MUIINIMMETPOBbIX pa3MepoB [AnSIMHrceH, PUKKo]

Motion of Intermediate Size Air Bubbles Through Walter at 28.5° C*
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“ After Aybers and Tapucu (A5).

Popma TpaeKkTopum B 3aBUCUMOCTU OT Yncen PenHonbaca n ETBewa
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AKTyarnbHOCTb pa3paboTKu
aHanNUTUYEeCKNX MoAdesiey BCRMbIBaOLWNX Ny3bIipen

UTOObI MNONy4YMTb KOPPEKTHOEe pelleHMe TpexXMepHoOW 3adavym O BCMSbITUNU
ny3bipa amameTpom 3MmMm B coBpeMeHHoun CFD nporpamme, Tpedbyetca ceTka,
coctosiiana u3 10 MIH. s4YeeK

TpyAOEMKOCTb YMCIIEHHOro0 MoAEeNnMpoBaHUA Ny3bipen AnamMeTpomM mMeHee 3MM
— Of4Ha U3 NPUYMH HEOOXOAMMOCTU Pa3pPabOTKM aHANNTUYECKUX Moaeren.



AHanuTnyeckasa moaenb (Magnaudet 2002)

Pewanacb cuctema ypaBHEHUU AN XUOKOCTU U Ny3bipsd B YaCTHbIX
npousBogHbiX. Ny3bipb Npeanonaranca HegedgopmMupyembiM, NpeacTaBUMbIM
B Buae annuncounpa. lony4yeHo cornacve C 3KCNEPUMEHTOM NO paauycy
BUHTOBON TPaEKTOPUM.

Cuctema audcepeHumanbHbIX ypaBHEHMU B YaCTHbIX MPOU3BOAHbIX:

V- V=0,

% + QA XV+V-[V(V-W]= -—ﬁVP-I— yV2V, (1)

W=U+Q Xr
V-n=W:-n, n X [(VV +T9V) - n] =0,

A--‘L—?=Fw—pvg—nx(¢\-v),

D-%}—=Fm—ﬂx(D-Q)—Ux(&-U),
v

Magnaudet Guillaume, Magnaudet Jacques. Path instability of a rising bubble //Physical Review
Letters, Vol.88, N1. 2002. P.014502—-014504.




B uucneHHoMm wMopgenupoBaHMuM Magnaudet M coaBTOpamMum u3yvanacb
CTPYKTypa BuxpeobpasoBaHuA 3a Ny3blpeM, npeanoxeHo copmynupoBaTb
aHaNUTUYeCcKylo Moaesnb ABMKEHUS Ny3bIps.
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FIG. 5. Isosurfaces w,(R.q/g)"/? = +2.7 of the streamwise
vorticity (Ga = 138; the darker thread corresponds to the posi-
tive value). (a) y < y., rectilinear path; (b) y = 2.50, zigzag
path; (b") same, half a period later; (¢) y = 2.50, spiral path.
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FIG.3. Path of a zigzagging/spiraling bubble (Ga = 138,
= 2.50).




Trailing Vorticity




AHanuntn4yeckaa moagensb (Shew, Pinton 2002-2006)

B pabotax Shew u Pinton pasBuBanocb npeanoxenHme Maghaudet — ccbopmynupoBaHa
aHanuTnyeckasi Modesnb pacyeTa TPaekTopun Ny3blpsi HA OCHOBE yYeTa SKCchepuMeHTarbHbIX
3aKkoHoOMepHocTen. B mooenu ucnonb3oBaHbl ypaBHeHMA Kupxroa ons TBepaoro Tena B
XugkocTtun. [NonyyeHa cuctema obbIKHOBEHHbLIX AndddbepeHumnanbHbIiX ypaBHeHU. Cornacue ¢
9KCNEPUMEHTOM [AONsi  CnuparnbHOW TpaekTopun nysbips nNpu R=1 MM gocTturaeTca npu
noAcTaHoBKE B AuddepeHumanbHble YpaBHEHUA SKCNEPUMEHTANbHOIO 3HA4YeHUs Cunbl
apenda (NoagbeMHOW cunbl, paBHoOM npuonuantenbHo 20 MkKH) U peHoMeHONnorm4yeckoro
3Ha4yeHus yrna beta HaknoHa apendoson cunel (paBHoro 0.88).

Kirchhoff’s equations for an ellipsoidal bubble are [9]

Q.
D,—=T

todr ; |

where (£, Q,, ;) is angular velocity. The added mass
and added rotational inertia tensors are A and [, respec-
tively. The components of forces and torques, respectively,

Woodrow L. Shew and Jean-Francois Pinton. Dynamical Model of Bubble Path Instability /Physical
Review Letters, Vol.97, N1. 2006. P.144508(1-4). 10



Cuctema O1Y onsa aBnxkeHnsa ny3bipa annuncounagHon opmbl
(Mmogenb Shew m Pinton):

Cartesian, coordinate system. The six equations (1) and
(2) are reduced to three using the observational constraint
that the short axis of the ellipsoidal bubble remains aligned
with the bubble path [6,7], so that
do

ﬂz = E Si]'lﬁ,

_de
dt’
(3)

where # is the pitch angle of the path, and ¢ is the
azimuthal angle between a fixed horizontal line and the
horizontal projection of the 1 direction. Applying this
constraint, we are left with

dU
Ay —=Fp+ Fgy,
1 D Bl

d
, = o cos#,

0. =
dt 3

4)

de

——}EE U:Fj‘I‘Fj, 5
il L2 B2 (5)

d

- ?(f Si]'lﬁfﬂt&“U = FLE-
To proceed further, the buoyancy, drag, and lift forces must
be expressed in terms of the dynamic variables U, ¢, and
¢ . The components of buoyancy are Fgz; = pVg cos#l and
Fy = pVgsinfl, where p is liquid density, g acceleration
due to gravity, and V bubble volume. The drag is taken to
be F = —1CpwpR2U?, where Moore’s theory [17] for

(6)

d F F Fy\3 Fy\5
R R
dr Fro Fro Fro Fro
withk = (0 — w.)/w, and k' = (0w, — wy)/w,.. The low-
est stable, nonzero lift force is F; . and the corresponding
w value is wy, as illustrated in Fig. 2(c). Finally, rewriting

Egs. (4)—(6) in terms of the dynamic variables, we obtain
the set of ODEs

du _ 3C,U?

. gcost
dr 8CyR

Cuy

; (8)

sinff  F; cos
ﬁ __gsin 4 Lcoqﬁ’ ©)
dt CyU pVCyuU

d¢p  Fpsing

= 10
dt  pVCyUsing’ (10)

dt T

kf

dF, 1/Ux¥"’/R— o, F;
— = L -~ k) Db
@ L0




Ha Haw B3rnsia, OCHOBHOM HepocTtaTtok noaxopa Pinton wm coaBTOpOB - oTCcyTCcTBUEe
aHarIMTU4eCKux Bblpa)KeHMﬁ AnAa CtTalMoHApPHOIro 3Ha4YeHusA Apeﬁ(bOBOﬁ CuJiibl U BeJIN4YNHDbI ee yrna.
OuyeBUAHO, 4TO .qpeﬁ(poaaﬂ (ﬂO,EI'beMHaFI) cuJsia U ee HaKIIOH 3aBUCAT OT 6e3pa3meprlx yucen
3agaum. Mbl caoenanum NnonbITKY YCTAHOBUTb TakKne 3aBUCUMOCTMWN. MUcTo4yHnKoMmM ﬂpGVI(bOBOVI Cculbl N
€€ HaKJ1IOHa ABJIATCA npuncoeanHeHHble BUXPU BHU3Y NMYy3bIPA.

BuxpeBou cnep 3a ny3bipem
[akcnepumeHTanbHoe c¢oto [le Bpus]

Hawa nHtepnpeTaunsa BO3HUKHOBEHUSI BUXPEW :

B cny4yae cBo60A4HOM rpaHMLbl BO3HUKAET HEHYNEeBOW CKa4oK
NPOM3BOAHbLIX CKOPOCTU  XMAOKOCTU. ITUM  CKaYKOM
NpPon3BOAHbIX CKOpoCTH nopoxpgaeTtcs KOHe4YHas
3aBUXPEHHOCTb BEKTOPHOrO MoJii CKOpocTen BONMU3U Ny3bIpA
(Batuenop). ACTOYHNKOM 3aBUXPEHHOCTU SIBNSIETCA BA3KUU
NoAcCNou Ha noBepxHOCTU ny3bipA. Ero TtonwwmHa mana no
CpaBHEHUIO C pagMycoM MNy3bips, HO BaXXHa AN reHepauuun
Buxpen. [lpuumHa ¢opmmnpoBaHnsa BO3HUKaKOLWEN napbl
BUXPEN C UMPKYNALUAMM TMPOTUBOMOSIOKHOIO 3HaKa Ha
NOBEPXHOCTU MNy3bIpPA Ta Xe, YTO U NMpPU OOTEeKaHMM Kpbina
camoneTa (3a UCKIIIDYeHMeM Toro, YTo ANSA Kpblfia camoreTa
MMeeT MeCTO CKa4YOK CaMOM CKOPOCTU, a AHA Ny3bIPA - CKAYOK
npomM3BoAHON cKopocTu). BuxpeBasi neneHa cpbiBaeTcsi C
NnoBepxHOCTU ny3bipa, Aedopmupyetca. OOpasyroTca ABa
BUXPA. 3a CYET Yero NPoucCxXoauT CpbIB U NOSABMRAETCH HOBas
KOH(Urypaumsa 3aBUXpeHHOCTU BONU3nN ny3bipa? OvyeBUAHO,
YTO 3[€Cb UrpaeT posib HEYCTOMYUBOCTbL BUXPEBOM MeNeHbl.
UTtak, BuxpeBas neneHa CKPy4YMBaeTCA B XryTbl B ABYX
TOYKaxX Ha HUXXHEW NMOBEpPXHOCTU My3bIps, @ HEYCTOMYMBOCTb
FlenbMronbua npuvBOAUMT K HEYCTOMYUMBOCTU crepda 3a
ny3bIipem.

12



Hawe o6bAcCHeHMe xapakTepa TpaeKkTopumn ny3bIps
(cBA3b C ABMXXeHMeM npucoeguHeHHbIX BUXpen)

Bua cCHU3Y Ha ny3bIpb Bua cHU3y Ha ny3bIpb

A
|
|
|
|
|
|
|

CMNMUPAIDb: 3UIr3Ar:
CUJbHbIN M CNabbIn BUXPU NO KPYry Ha

2 OAMHAKOBbIX BUXPA
KopMe ny3blps

C 0O6paTHbLIMU LUPKYNALUAMMU
BAOSb MepuanaHa Ha KopMme ny3bips

13



OO0bsACHEeHMe cnupanbHOU TPAaeKTOPUM Ny3bIPSA:

B cny4yae 3ursaroBoro OBWXEHUSI Mbl npeanosiaraeMm, YTo UUMPKyNsaUuM
ABYX OOWHAKOBbLIX BUXPEMN:

r,=-T,

U LEeHTP BUXpPEeN OABUXETCA NO BblAerieHHOMY MepuauaHy (ob6pa3zoBaHHOMY
CeYeHMeM INNunconaa BepTUKANbHOM NITIOCKOCTbIO 4Yepe3 CaMyk HMXHIOK
TOYKY 3nnuncoumaa), ocumnnupys npu 3Tom. Ona cnupanu npoucxoauTt

AONOJIHUTEeJNIbHOE HapyweHne CUMMeTpUun.

WU, BCNneacTBMe 3TOro, BO3HUKaeT BpalleHue BUXpeun (CUnbLHoro u crnadoro)
NO HWXHEN NOBEPXHOCTU 3nnuncouga BOKPYr CaMOM HWXHEU TOUKM
annuncounpaa.

Onsa yrnoBou 4acToTbl BpaleHUs Ny3bips Mbl BbIBeSiM BbipaXeHue:

14



Moaenb CepgoBa C.10. ana onpepeneHna cnmparibHON TPaeKTopUu
ny3bIps

Cucrtema n3 12 anrebpanyecknx ypaBHeHUu (4actb 1):

OKBHBATCHTHBII PATMYC IIYIIPA X OIpeJe/IAeTCH Hepe? ero odobeM [ :

1

= [i V]i 1).

dmr

Uncrio PeiiHombaca Fe = 28U (2),
v

rae - CKOpOCTh MoaAbeéMAa MY3bIPA, V- KHHEMATHUMECKHH Ko0)(@umeHT

BHIKOCTH. ":I'-"OPI\'I}T.]IBI JId ACIEKTHOIO COOTHOINEHHHA 7= 2> HUH}TOCEfl

1
CILTHCHYTOT 0 YVLIIICOHOA BpPAlNeHHA H KO0)YPPHMINIEHTA IIPHCOeIHHEHHLIX
MAacc &,
7=225R-010 (3),
Ch,=05(-01324+1.132. 7) ).

DopMY/IbI NIA KO PPHIIEHTA COIIP O THBIICHIA:

48 . Hiy)
Cp=— Gy |1+ 524 s
»=qe (2] [ e ]5 (5)

Gx) = xx2 — DE(¥*— 1)} — (2 — x?) seo! y)/[x2sect x — (x*— L2,

2 a2
H(I}I=2.2(I —1_1]1.4(1» ~1)+4

3.7 112 -1)+4

2l
DopMyiIa WIA I0J6eMHOH CIIIBI 7, 7, =357. ,GE (6)

JRe




Cucrtema n3 12 anredbpanyecknx ypaBHeHUn (4actb 2):

DopMy.Ia 1A YIJIa HAKJIOHA 9, CKOPOCTH IY3bIPA K BePTHKATH:
& =arcsin (F‘E il ’SJ (7)
o g
DopMyIa NI CKOPOCTH IY3bIPA U/ :

gRcosd,

= [2
3,

(8)

PopMyIILI NIA YACTOTHI BPAINeHHA CIHPAILHOHA TPAeKTOpHH (), :

Fosin 8

- 9
F oV, sin &, @)

g igh
Q,, = 10
.U (10)

3HaueHHe PaHYyCa CIHPAILHOH TPACKTOPHH 7,

o _Usind,
i )

i

BenrniHa yIjia § JNA CWILI apeida:

g= czrcig{%i:’m : f sitl Eﬂ,J




UTtak, 3agaya O UYMCJIEHHOM onpedenieHun XapakTepucTukK
CNUpanbHOro ABWMXEHUs1 Ny3bipA CBedeHa K pelueHU0 Habopa m3 12
anrebpanyeckmx ypaBHeHMN C €AUHCTBEHHbIM 3MNUPUYECKMM YUCIIOM B
BblpaXeHMUn Ansa noAbEMHOW CuUNbl WU €ANHCTBEHHbIM BXOAHbLIM

napamMmeTpoM — 3KBUBaNeHTHbIM paguycom nys3bIps.
9TU ypaBHEeHUs1 MOTyT UCNOJNIb30BaTbLCA ANS TECTUPOBaHUA pacyeToB
ABWXEHUs ny3biper MUNNIMMETPOBLIX pa3MepoB Ha OCHOBE TPeXMepPHbIX

rmapoAnHaMU4YeCcKUX Nporpamm.

anIBeJJ,EM pe3ysibTaTbl KOHKPETHbIX paC4yeTOB.

17



Pe3ynbTaThbl pacyeToB

3aBUCUMOCTb anameTpa cnupanun oT AuameTpa ny3bips, B MM
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Mepuoa cnupanbHOM TpaekTopum (B CEK) B 3aBMCUMOCTU OT AMameTpa
ny3bipa (B MM)

N

\




3aBUCNMMOCTb yria HakrnoHa CKOpOCTU B rpagycax ot aAnamMmerpa ny3bipd 8 MM




3aBNCUMMOCTb CKOPOCTHU Ny3blpAa (MM/C) OT AnameTpa (MM)

—&—Ux, pacueTt

—&—U, pacyeTt

B Ux, gaHHble basapoBa ans annmnc.ny3sbipbkoB

A U_tap_water

) Moore




YrnoBas yactoTa (B 1/cek oT guameTpa nysbips (B MM)

M




3aMe4yaHusi 0 COOTBETCTBUMN TEOPUU N IKCNEPUMEHTOB:
pa3Huua B pe3ynbTaTtax gns “4ncton” m “rpasHon’ BoAbl

Mixaemnec:

It must be also pointed out that, more recent studies
using systems of high purity, such as the one by Wu and Gharib (2002),
show conclusively that the shape, the motion and the drag coefficients of
fluid objects in pure fluids exhibit significant departures from the results
for contaminated fluids, even if the degree of contamination is very low

K, I'peiic:

Surface-active contaminants affect the rise velocity most strongly in the ellip-
soidal range.

BogonpoBogHasa soga: I\
PuneTpoBaHHaA BoAaa:
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Dominique Legendre, Roberto Zenit and J. Rodrigo Velez-Cordero. On the deformation of gas bubbles in liquids

/IPhysics of fluids, Vol 24. 2012. P.043303(1-12).

23

Clift R., Grace J.R., Weber M.E. Bubbles, Drops and particles. Academic Press. 1978. P.1-380.




Extent ratio Hi for bubble diameter d, in mm

=— =—Clear water, our approximation

B Clear water, experiment

4 Tap water, approximation

@® Tap water, experiment

Popmynbl Teopun Mypa ansa koadpcpuumeHTa conpoTuBIeHUA
JIna CIUmocHY TORO JINHICOM a dopnyna Mypa

Cp = ;ﬂ—SG{IJ.[H }jfl({_ij +a[~.-+"l_z]]’
rfle 7 - acTeKTHOS CoOTHOmeHHe, G U H - H3BECTHRIE DYHEITHM:
G(x) = dd(x*— DI[(x*— 1)} — (2 — x*) sec™? ¥ [x*sec y — (x°— )"

CornacKe pesymbTaToB Mypa H SKCHepHMeHTa ANA YMCTOR BOJEl MONYYeHo Xopollee

Ina H(7) HCMOMBSYIOT aNNpOoKCHMALTo:
2

- X =

Hi{H)i= 2.2[ 37




OTmMeTM 34eCb AOCTAaTOYHO XOPOLUO U3MEePEeHHbIe 3HaYeHUA AN 3KBUBarleHTHOro
AvnamMeTpa ny3bipsa 2 MM B Ynctom Boae (AaHHble de Vries).

HJansble ne BpHsza, IoIyueHHbIe 13 00padoTKH K CIIEPHMEHTOB
B CJIyYae BO3AYUIHOTO IIYZHIPEKA PATHYCOM R =1.01 MM,
O HIMALIET0CH B BOJIE:

3.39 + 0.42sin(33.0t — 1.07),
3.86 + 0.325sin(32.5¢ + 0.62),
~0.32 + 0.02sin(54.2¢ + 1.44) + 31.3t

3aech ROOPAHHATEI B CM, BPpeMA B CEKYHIAX

CpaBHeHHe JaHHEIX 1714 My3elpel (“d4HcTad Boga™)

JHaMeTp Imy3eIipa, D JHaMeTp Yrinoeadf 9acrota, | UHCIO

ChHpaaIH, MM | 1/¢ Peifinoabaca, Re

IKCIEPHMEHT, 2 MM 7.4 33 641
TeopHd, 2 MM 8.58 33 632

JKCIMEePHMEHT, 2MM 2-3.7 1018
TeopHd, 3.6 MM 3 1127




NpuBeaem Takxe AaHHble ana auametpa 3.6 mm (Christian Veldhuis):

TABLE 1. Overview of experiments in clean water.

Subfigure D, (mm) x  foe (Hz) Re Path

3.0 2.2 6.7 899  Zigzag

3.4 2.2 1.0 073 Zigzag
3.6 2.3 5.5 1018 Spiral

4.0 24 6.5 1096  Flattened spiral
4.5 2.7 6.5 1162  Tilted flattened spiral
3.2 2.8 5.2 1305  Chaotic

Christian Veldhuis, Arie Biesheuvel, Leen van Wijngaarden. Shape oscillations on bubbles rising in
clean and in tap water //Physics of fluids, Vol 20. 2008. P. 040705(1-12). 26




3aknyeHumne

NMpennoxeHo o0 bACHEHUEe MexaHn3Ma hopMUPOBaAHUA BUXPEN 3a NY3bIpEM.

MpennoxeHo o6bLACHeHUe XapakTepa TpaekTopuun nysbips. Moka3aHa cBA3b
C ABWXXEHMeM npucoeauHeHHbIX BUXPEWN.

PaspaboTtaHa moaenb Ansi onpeneneHns TpaekTopun ABMKEHUS Ny3bIpa:

12 anrebpanyecknx ypaBHeHUM

OoAHO IMIMNpUNYecKoe 4Y1nCJio B BblpaXxeHnn ans nOﬂ'beMHOﬁ CUIbI

OOWH BXOAHOW napameTp — paauyc ny3bips

OaHHyI0O Moenb MOXHO MUCNONb3oBaTbCA O TeCTUPOBaHUSA pacyeToB
OBWXKEHUA ny3biped Ha OCHOBe TpexXMepHbIX rMapoAMHaMUYeCKnX
nporpamMm.

21
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