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OBJECTIVE & MOTIVATION

- high temperature and
density gradients

- the electron heat
transport, heat flux

- spatial-temporal scales
(temperature
inhomogeneity less or
equal to .....electron mean
free path lengths ) - >

- non-applicability of the
classical transport theory

- kinetic description - >
- analytical approach - (!?)
-numerical simulation 2>

- laboratory and space
plasmas

-stochastic & deterministic
approaches



OUTLINE

Preliminaries / Parameters / Equations
DSMC method for LFP equation — (3V + 1D)
Asymptotic-preserving scheme -- (1D +2V)

lllustrative results



Parameters (normalization)

. 4\/;Zze4neLel. 4
— Collision frequency v =nov, v, = T =t
— Mean free path ie =V,

— Thermal velocity y, = /ﬂ
t
m

— Scale hierarchy:

-1
ry << A, << L @,, >>V, >>1



Spatial temporal scaling

Time |
1s 4 Continuum Theory
(Navier-Stokes) Kn=A1/L—
10-6¢ | Kinetic Theory
(Boltzmann) Knudsen number
10-105 | Molecular Dynamics
(Newton's Equation) . o
10-155 | Quanmum Mechanics (unified description)
(Schrodinger)
% % i i —
1A® Ilmm  lum Lm Space
Figure: from E & Engquist, AMS Notice AlL: <<1 - MHD:
AlIL: >>1 —Vlasov eq.,
A/L: ~1 —LFPeq.



IKinetic dascription Of pRisinas
fa (V, r, t) - distribution function _[ fa (v, I’,t)d3v =n,(I,t)

Kinetic equation:

D=2l E
DanZZQaﬂ[faﬂle] ! ' "
4

Boltzmann collision inteqgral

O (furf)= | dwdn g, (ww){f, (V) [, (W)= £, (V) f, (W)

R3xS?
V!_U+maﬂ n maV-I—mﬂW
g (W) =u-0,,(u,p) = un, U=
ma ma+mﬁ
u-n m m,mg
u=jv-w|, p=—o w=U-—%yn, m,=

u mﬂ ma+mﬂ



Conservation laws / invariants

* Density, momentum, energy (one sort)

oC jdvf n, Idvvf Ia’vv f =

| of. ey dv=0 if @)=

T3/2 2
fMaxW - e eXp|:_ o :| ’ > <ge> - % nI,



Landau-Fokker-Planck integral -
Landau (1936), Rosenbluth et al (1957)

Grazing collisions :
uoc(u,u)=0 if —-1<pu=cosf<1-6°, 0<6<<1

0 0 m, O
CO(f,, g d’wuc'y (wR,(u @ V) £ (W
(fr S3) =5 oy | (WR >{ N awj}fa< S5 (W)
R, (u) zuzé‘ij —u; u,
o' (u) = % J. dudo o(u, 1) (1— ) — transport cross section
|
U T s — 19
P p

2
e e
oy (u) = 47{ A j L, — for Rutherford cross-section

2
tr eae 1
g (u)=u o) (u)= 4z(—ﬂ] Ls —
m B u
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KUWHETUYECKOE ONMUCAHUE MIA3MbIl N HACJIEHHOE PELLUEHUE

KuHeTnyeckoe ypaBHeHMe:

%) 1%, F o
a _ C ,
{8t+vé}r+ma av}f“ Zﬂ: il s S 5]

UHTerpan ctonkHoBeHun JlaHgay (Pokkepa-llnaHka):

o0 m, O
, ——— d3WuG(”) u)R..(u a V) [, (W
Coplfos Sy j (WR >{avj o awj}fa( ) /(W)
2 (tr) 4”q§q; A 1
=v-w| R;W=v’6,-u-u, of(u)= S Fa=qa(E+;VXBj

YpaBHeHue Bnacosa

YucneHHoe pelieHue:
[afa f x afa :()]« MeTon

yacTuua B s4YenkKe
Ot Gx m, OV,

(PIC)
YpaBHeHue JlaHgay

o7,
[ 5 =2 Coll ] ]1- e

mMogenunpoBaHus

don3n4ecKknm npotwecca

[PacmenneHMe no




[ Algorithm (electrostatic case) ]

o  Jd q. 0
8t+vc’3+ Ex =C(f.f)

m x
DSMC collisions Discrete (mesh)
moments of EDF
WiV, } Vi ) {v,x,} = {nJ, T},

4 I/IHTerpMpOBaHme\ (" Discrete (mesh) )

ypaBHEHWUM electrical field
OBWXEHUSA YacTul
Ex)—v —x {n,J T}, — {E},
p p p
\ / (" WHTepronsiums cun B TOYKU \- J/
T PacronoXeHus YacTuL I




AgeneralapproachitoMante CarloimethadsfarCaoulomb callisions

Taylor expansion of Boltzmann integral

with respect to small V-V and W—w O )
(u~1) A formal series: Qaﬁ(fa’fﬂ)_;Qaﬂ (fa’fﬂ)

The first term is the Landau integral O ([ f5) =05 ([ /)

The rest terms (k=2): The condition of applicability of
the approximation of LFP equation:

Q(k) (fa’fﬁ) deg(k) (u)A(k)(V w), lim 27[-‘- dugaﬁ (11, £)(1 — 1) = g(tr) (u),

e—0

gg;} (u) = ZWI dp g, (u,p)(1- )", ling 27zj dug,, (u,p, &)(1- =0
% £ °

¥

1
s Mo — _5 1_ _
gaﬁ (Z/l ILl 8) 272'8 |: ILI gaaﬂ (u):|

gff;) (u), for 0< gg(”) <2
2/¢&, otherwise



ILIFP &¢jirdtion diid 'DSNIC simdFition

[ LFP equation J model cross section:
gaﬂ (ua K, g) = L5|:(1 _ l”l) _ Eaaﬂ (u):|
2re
[ Boltzmann equation J a, ()= g, for  0<eglt) <
2/&, otherwise
‘ Important consequences:
DSMC simulation u=0089=1—Min{i—f,2}, a = const

tot

1
2., &)= 27fj dug,,(u, u,&)=¢&" = const
.|

The collision frequency of particles of any kind is constant — “quasi Maxwellian”
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3A0AYA O PACMNMPOCTPAHEHWUW TEMJIOBOWU BOJIHbI

3
lopayan I TennoBas
CTEeHKa: ) BONHa . Y
_ eocmbl (byHKyUU
r x=0 T177 (t ) j pacnpedeneHusn?
O<n()<1 ,
2

f(=0)= 1, (T)

—

o

5 10 15 20 25 30

MHoromacLwTabHbIN XapaKTep 3a4auum:

ne6aeBckas AnvHa : A, =3x107" um, o' =1.7x10" ps;
ANnHa cBobGoaHoOro npobera

npu TO =20el : A.(T)=2.6x10"um, 7 (T,)=1.4x10" ps;
AnnHa cBoboaHoro npobdera . | ,
npu T1 —200¢eV : A, (1) = 0.1 um, 7,,(1;) = 0.02 ps;

pa3mepbl 3agaum:|7,,., =10 ps [10%z (T)], L. =50um[2x10%2 (T))]

ans napameTtpoB: T =20eV,n =10"cm ", Z =2.



Advantage of DSMC

Multidimensional simulation — (1D...+3V)
3 conservation laws for collision operator
Speedy

Disadvantage of DSMC

Time limits /numerical noise, spurious heating/
Distribution function-?

If 1D+2V kinetic equation =2
finite-difference scheme



Monte Carlo methods for LE Key references (predecessors):

» 1 Takizuka and Abe (1977);

» 2 Nanbu (1997);

The methods of TA and N are based on heuristic (physical) arguments.

In particular, Nanbu (1997) does not use any kinetic equation;
sophisticated cross-section

A general approach to Monte Carlo methods for Coulomb collisions
Bobylev and Potapenko, J. Comp. Phys., 2013

Kapnos, NoTtaneHko, Punsuka nnasmol, 2015

bobbines, lNoTtaneHko, Kapnos, Matem. Mogen., 2012

Potapenko,.Bobylev, Mossberg, Transp. Theory Stat. Phys. 2008




Electron distribution function : f(t, x,v), fixed ions

of
a—+uvxf+ (E + w<B).Vuf = Coelf, ) + CoilF),
\.._..v._../ \.._v—/ d

force term

cafhsmnaf terms

Maxwell equations

— = (Ampere) Nailx, t) = ij foi(x, v, t)dv,

ViE= e(m—n.)  (Gauss) 1= qf f(x, v, tlvdv,
R -




Parameters for the collisional processes analysis :

@ the mean free path : Ag;, )\De
@ the thermal velocity : vy = il 9 = X s
m, ei
@ the electron-ion collision frequency : ve; = :ﬂ
e, i

Scallng used for collisional processes

t=we;it, X=xAes, V= v/

H

Dimensionless Fokker-Planck-Landau -Maxwell system

% & U_fo — Vu( E f) = Ce}e(fr f) 17 CEJ({)?
OF j 1
e V:{E: 2(1—1’?)?

ot a?’ &




Simplitied case

Electrostatic case 1D2V. [x, v=/V] cos(v*E)]

[ 2 B — EBf = Coulf, F) + CoilF),
4 % B _i
L9t a2’

with Maxwell-Foisson satistied at the initial time.

A
Remark Quasi-neutral  regime : o= }HDE
ai

— )

% + yOF — Eavxf = Ceelf )+ Coilf),
;=0

with n = 1 at the initial time.



Reformulated system

? + Ox(vf) — O (Ef) = Cee(f, ) + Cei(f),

-
// 2

L, _at’ E+E/ v@vfdv—ax(/ vzf)dv/ C. rvdv,
o R R R

with Maxwell-Poisson satistied at the initial time.

Limit system when oo — 0

? 1 0 (vF) — By (EF) = Coelf, ) + Cas(F),

£ I fp vefdv) — fr Gy
B fp VO, (f)dv ?

with n = 1 and j = O at the initial time.



Numerical schemes



Discrete model / Problem of the classical scheme

Classical scheme for the Maxwell-Ampere electrostatic equation

En—l—l _ En J'n

At al’

If Aei >> Ape.,  quasi-neutrality : a — 0

jT=0

En—l—l - ?

Stability condition for the classical scheme : At ~ o?



Discrete model YR

Electrostatic case with one dimension for space (x € IR) and one
for velocity (v € R) (to shorten descrition)

n+l  f£n
i - P VAT — BB = Cod(F7, %) + Cos(F).
Electric current : g = fv ffvdy,
[ J‘n—l—l _J'n
o £ En—l—l £
Rr Bi(f") + B2 "),
En—l—l _ Fn J‘n—l—l
\ Af - Ddz .
&2 En J'n
. & fi &
En—l—l _ At? i )62( )—I_ At
5 .
x
~ae AU

If @ — O we can obtain E7T! At is not constrained by a.




PEJTAKCALUUNA HAYAJIBHOIO NMPO®UIIA TEMIMEPATYPbI
aBontoLnsa NPOPUNA TEMNOBOIo MOTOKA CO BPEMEHEM

T,

Monorum rpagueHT
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A dInT .
Ly d x
2.0t
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1.0 . | .
0 100 200 300 400 Ay
T,
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24



PENNAKCALUUA HAYHATNIBHOI'O NMPO®UIA TEMIMEPATYPbI
NMPOD®UNTIN AMBUNONAPHOI'O 3JIEKTPUYECKOI'O NMONA

2.0t

1.5}

L, % dx

Monoruuv rpagueHT |— 10{;0010
5:&:/1 dInT ~107° —2?:00

100

200 300 400

T

Pe3kunin rpagueHT ﬂ
— 10.00
5:£z10_2 — 27.00

L

100 150 200

Aei

E,1072

L2y ( — 5.00

— 1.00

— 10.00
— 20.00
— 27.00

0 100 200 300 400 A

= .00

0 30 100 150 200 Aei



IBONOUUA NMPODUNIA TENNOBOIO NOTOKA CO BPEMEHEM

de qe
0.8}

— SH
— 27.00

— 10.00 0.6
0.6¢

0.4;

0.4} NMonoruv rpagueHT

0.2}
0.2¢

0 100 200 300 400 Ay © 100 200 300 400 A4

— SH
= 10.00

Pe3kuu rpagueHT

0 50 100 150 200 Aei 0 50 100 150 200 Agi

T. Asahina, H. Nagatomo, A. Sunahara,T. Johzaki, M. Hata, K. Mima,agg Y. Sentoku



Asymptotic-Preserving Schemes

F. Filbet and S.Jin J. Comp. Phys. 2010
P. Degond, etal J. Comput. Phys. 2010

S. Guisset, S. Brull, B. Dubroca, E. d'Humieres, S. Karpov, |. Potapenko
Commun. in Comp. Phys. 2016

Collision LFP operator: Potapenko,.Bobylev, Mossberg, Transp. Theory Stat.
Phys. 2008

Nonlinear LFP collision integral is treated with completely conservative
difference schemes

Self consistent electrical field is computed from the electronutrality
condition at each time step.

Finite-difference explicit scheme - more accurate but time consuming

2 (exact) conservation laws for LFP operator. Constraints at v~0
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